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A self-consistent theory of the superfluid Bose liquid is constructed on the basis of a
generalization of the Fermi-liquid approach to superfluidity. The semiphenomenological theory
of the superfluid Bose liquid developed here is based on specifying the system energy as

a functional of both the quasiparticle condensate amplitudes and the normal and anomalous
correlation functions of the above-condensate quasiparticles. The expression found for

the entropy is used together with the variational principle to obtain the self-consistency
equations for the equilibrium correlation functions and the quasiparticle condensate
amplitudes. Collisionless kinetic equations for the normal and anomalous correlation functions
and the condensate amplitudes are formulated. These equations are used to study the
oscillations of a spatially homogeneous Bose liquid with the condition that all the particles
are in the condensate. The relation between the formalism developed here and the

results obtained by Bogolyubov for a weakly nonideal Bose gas is traced, and the equations
for two-liquid ideal hydrodynamics are constructed without assuming Galilean

invariance of the energy functional.

INTRODUCTION

The discovery of the superfluid phase of “He by
Kapitsa in 1938 (Ref. 1) profoundly affected the develop-
ment of such important areas of science as the physics of
quantum liquids (*He,*He), solid-state physics, nuclear
physics, astrophysics, and cosmology. Recently, the inter-
est in superfluidity has grown in connection with research
in high-temperature superconductivity.

In 1941 Landau’ used a phenomenological approach to
construct the equations of the two-liquid ideal hydrody-
namics of a superconducting liquid (dissipative processes
were taken into account in Refs. 3 and 4) and formulated
representations of the spectrum of elementary excitations
in the superfluid phase of “He (the phonon—roton gas rep-
resentations).

In 1947 Bogolyubov’ related the phenomenon of su-
perfluidity to Bose condensation, and derived the spectrum
of elementary excitations in the model of a weakly non-
ideal Bose gas, using the microscopic approach. In 1954
Feynman® related the energy spectrum of the elementary
excitations to the structure factor of the system and
showed that phonons and rotons represent a single branch
of elementary excitations, but in different wave-vector re-
gions.

Experiments confirm the fact that the superfluidity of
liquid “He is related to Bose condensation. Hohenberg and
Platzman’ proposed that the momentum distribution of
particles in liquid “He be studied by neutron deep inelastic
scattering. Their basic idea was that the energy and mo-
mentum transferred from a neutron to a helium atom in
the liquid is very large compared with the typical energies
and momenta of the helium atoms, so that the neutron
interacts only with a single helium atom of the target. Ex-
periments showed that there is a clearly expressed conden-
sate peak in the spectrum of inelastically scattered neu-
trons in the superfluid phase of liquid “He, and it turned
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out that the concentration of the Bose condensate deter-
mining the number of “He atoms with momentum equal to
zero is about 10% at a temperature of absolute zero.®’ It
should be noted that the experimental observation of the
Bose condensate in superfluid “He is quite difficult. The
results of Ref. 10 provide the most complete set of data up
to the present for the relative density of the Bose conden-
sate in the relatively wide temperature range 4.2-0.4 K.

Systems composed not only of bosons but also of fer-
mions may possess superfluid properties. Since fermions
are usually charged particles, superfluidity is manifested
for them as superconductivity. A theoretical explanation of
the phenomenon of superconductivity has been given by
Bardeen, Cooper, and Schrieffer'! and independently by
Bogolyubov.'>!* Examples of neutral Fermi systems pos-
sessing the property of superfluidity are the different phases
of 3He (the 4 and B phases), for which, in contrast to the
electrons of a metal, triplet rather than singlet (spin) pair-
ing of fermions occurs.

The research on superfluid physics has found applica-
tion in nuclear physics. The superfluidity of nuclear matter
was predicted by Bogolyubov in 1958 (Ref. 14). The in-
clusion of the possibility of a phase transition to the super-
fluid state in nuclei made it possible to obtain good agree-
ment between the calculated and experimental nuclear
angular momenta'® and also the binding energies, charge
distributions, and other physical quantities for magic nu-
clei and nuclei with developed pairing.'® The work on su-
perconducting pairing correlations in nuclei is reviewed in
Ref. 17.

The phenomenon of superfluidity is closely related to
the study of objects in astrophysics and cosmology. On the
basis of a study of the neutron-liquid equation of state, in
1959 Migdal'® suggested the possible existence of a super-
fluid phase in neutron stars (pulsars). An abrupt increase
in the rotational angular velocity followed by slow relax-
ation was discovered in pulsars, which indicates the pres-
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ence of a superfluid component in the structure of neutron
stars. In Ref. 18 Migdal showed that for high density of the
nucleon medium it is possible for a phase transition to
occur, leading to the formation of a pion condensate. A
core containing the 7 condensate appears at the center of
the pulsar. This core significantly affects the most impor-
tant parameters of neutron stars: their mass, radius, and
moment of inertia (see Ref. 19).

Recently, the ideas related to spontaneous symmetry
breaking and phase transitions, in particular, phase transi-
tions corresponding to Bose condensation, have been
widely used in cosmology (see Ref. 20).

Let us now briefly review the various theoretical meth-
ods used in the theory of the superfluid state. In Ref. 21 the
collective-variable method was used to study a weakly
nonideal Bose gas. This method was improved in Ref. 22,
making it possible to express various characteristics of
“He (such as the free energy, the amount of Bose conden-
sate, and the quasiparticle spectrum) in terms of the struc-
ture factor of the liquid.

In a well known study “Quasiaverages in statistical
mechanics problems” (Ref. 23) Bogolyubov formulated
the concept of quasiaverages widely used in the theory of
the superfluid state, and stated the theorem of 1/¢*type
singularities (which was independently proposed by
Goldstone?*). In addition, in this study a very general form
of model with isolated condensate was developed on the
basis of the method of quasiaverages.

The Green-function method and the related diagram-
matic technique play an important role in quantum field
theory and statistical physics. Green functions have been
used in many studies of superconductivity in Fermi sys-
tems (see, for example, Refs. 25-27 and the review of Ref.
28). The method of temperature Green functions and the
corresponding diagrammatic technique were generalized to
systems containing a Bose condensate in Refs. 29 and 30.
The diagrammatic technique is widely used to study spe-
cific phenomena in quantum liquids, and also to study the
superfluid properties of nuclear matter. In Refs. 25-30
both normal Green functions and anomalous Green func-
tions were introduced in the construction of the diagram-
matic technique. The formalism of two-time Green func-
tions has been used to study the correlation functions and
spectra of elementary excitations of superfluid systems.*!32

An effective and flexible mathematical method is that
of functional integration. It has been used to study the
high-frequency (wr>1) branches of the spectrum of super-
fluid Bose and Fermi systems (see Refs. 33 and 34, and
also Ref. 35).

Another possible mechanism of a phase transition of a
Bose system to the superfluid state unrelated to the phe-
nomenon of ordinary Bose condensation has been proposed
in several studies (Refs. 36-39). There the phenomenon of
superfluidity in Bose systems is explained by a mechanism
similar to Cooper-pair formation in the theory of super-
conductivity (the theory of the even Bose condensate). In
particular, in Ref. 39 it was suggested that the transition to
the superfluid state in this case might be a first-order rather
than a second-order transition.
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The problems related to derivation of the equations of
two-liquid hydrodynamics and also to study of the hydro-
dynamical (low-frequency) asymptotes of the Green func-
tions are of great interest. The microscopic derivation of
the equations of ideal two-liquid hydrodynamics based on
the hypothesis of local equilibrium of the superfluid liquid
was first given by Bogolyubov.* In the same study he in-
vestigated the low-frequency asymptote of the normal
(¥ *¢) and anomalous (Y1) two-time Green functions. In
Refs. 45 and 46 the idea of an abbreviated description of
macroscopic systems was used as the basis for deriving the
equations of two-liquid hydrodynamics in the presence of
dissipative processes. The equations of two-liquid ideal hy-
drodynamics were derived in Refs. 47 and 48 without as-
suming Galilean invariance of the Hamiltonian of the sys-
tem (the equations of two-liquid Landau hydrodynamics
follow from these equations as a special case when there is
Galilean invariance, and the equations of two-liquid rela-
tivistic hydrodynamics follow when there is Lorentz in-
variance), and the low-frequency asymptote of arbitrary
two-time Green functions was studied when normal and
superfluid components are present in the motion.

Another promising method in the theory of the con-
densed state and, in particular, in the theory of superfluid
Fermi systems is the semiphenomenological approach
based on the ideas about the Fermi liquid.

The theory of the normal Fermi liquid for liquid *He
was developed by Landau in 1956 (Ref. 49). In 1957 Silin
developed the theory of the Fermi liquid as applied to the
electrons of normal metals.>

However, these theories did not take into account the
fact that the Fermi liquid can be found in the superfluid
state. The theory giving a unified description of both the
normal and the superfluid Fermi liquid was constructed in
Ref. 51, with the Fermi-liquid amplitudes of both the nor-
mal state and the superconducting state introduced on
equal footings. In addition, in that study it was shown that
the theory of the superfluid Fermi liquid can be con-
structed without any explicit use of the Fermi-liquid am-
plitudes, but only on the basis of the general expression for
the energy functional of the system.

The Fermi-liquid approach demonstrated its effective-
ness in the study of the thermodynamical and kinetic prop-
erties of both normal systems (the electron gas in a metal,
liquid 3He) and superfluid systems (superconducting sys-
tems, superfluid *He). This approach makes it relatively
simple to study phase transitions and the thermodynamical
and kinetic properties of magnetically ordered systems and
to study high-frequency oscillations in them. At present it
is not impossible that the Fermi-liquid approach may pro-
vide the key to explaining high-temperature superconduc-
tivity (HTSC),% although a microscopic theory is needed
for understanding the HTSC mechanism itself.

The successes in the development of the Fermi-liquid
approach and its applications to condensed media make it
interesting to extend this approach to Bose systems.

One of the reasons why the theory of the Fermi liquid
has not been generalized to Bose systems® is that at low
temperatures a Bose system is always in the superfluid
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state, so that it is necessary to construct the theory of the
superfluid Bose liquid directly.

In this review we shall present a semiphenomenologi-
cal theory of superfluidity of the Bose liquid which, like the
theory of the Fermi liquid, is based on specification of the
system energy as a functional of the quasiparticle conden-
sate amplitudes, and also of the normal and anomalous
correlation functions of above-condensate quasiparticles.

We note that because of its semiphenomenological na-
ture, this theory does not allow any predictions to be made
about the density of the Bose condensate, nor does it allow
the particle momentum distribution in the superfluid state
to be calculated. On the other hand, knowledge of these
quantities from experiment makes it possible to obtain in-
formation on such phenomenological characteristics fun-
damental to the theory of superfluidity of the Bose liquid as
the quasiparticle interaction amplitudes. However, because
of the simplicity of the principles on which it is based, the
theory of superfluidity of the Bose liquid allows a unified
treatment of both the kinetic and the thermodynamical
properties of superfluid Bose systems (see below).

Let us mention another important problem related to
the physics of superfluidity. In recent years, in connection
with studies of HTSC it has been suggested that the phe-
nomenon of electron Cooper pairing can be accompanied
by the simultaneous Bose condensation of electron bound
states (which are bosons), which can also exist above the
superfluidity transition point.**3 To study these rather
complicated systems it is sufficient to use the semiphenom-
enological approach related to construction of the theory
of interacting Fermi and Bose liquids (see Ref. 42).

Below, we use the expression found for the entropy
from the variational principle to find the self-consistency
equations for the equilibrium correlation functions and
quasiparticle condensate amplitudes of a Bose liquid. Col-
lisionless kinetic equations for the normal and anomalous
correlation functions and condensate amplitudes will be
derived. We will also study applications of the theory re-
lated to the construction of the equations of ideal hydro-
dynamics. Finally, we will trace in detail the relation be-
tween the developed formalism and the theory of the
weakly nonideal Bose gas.’

1. ENTROPY OF THE SUPERFLUID BOSE LIQUID

In contrast to the case of the Fermi liquid,’! the su-
perfluid state of a Bose liquid is described not only by the
normal f,=Trpa{a, (ft=f) and anomalous
81=Tr paja,, g51=Tr pai"a;” (g=g) boson distribution
functions, but also by the averages of the creation and
annihilation operators ai" and a,: b;=Tr pa, and b¥
= Tr pa;", which we shall refer to as the quasiparticle con-
densate amplitudes. Here p is the nonequilibrium statisti-
cal operator, 1=p,, s; and 2=p,, s, (p and s are the
momentum and spin variables, respectively; the tilde de-
notes transposition), and Tr is the trace in the space of
states of the entire system.

When there are anomalous averages, the state of an
ideal nonequilibrium Bose gas of quasiparticles is deter-
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mined by the nonequilibrium statistical operator

p O =exp{Q-F},

A~ 1 1
F= % (‘11+A1202+§ ‘11312‘124"2'“{*3’1"2‘12)
+ X (af C1+Ctay)
1

1
Ea+Aa+z (aBa+a* B*a*t)+atC+C*a, (1

where the matrices 4,,, B,,, B}, and the vectors C, and
CT are related to the normal and anomalous distribution
functions £, g, and g™ and the condensate amplitudes b and
b* as

0
Tr B(O)“raz"—'le, Tr B( daia,=g,1,

Tr B(o)al=b1.
Since .Z+=.%, the matrix 4 is Hermitian, AT =4, and

since [a,,a,] =0, the matrix B can be assumed symmetric:

B=B. The averages Tr p(¥ajaj ...a, can be calculated

using rules analogous to the Wick rules, with the normal
f>1 and anomalous g,,, b, averages used as constraints.

Let us perform a unitary c-number shift of the opera-
tors a and a™*:

UaU*t=a+b, Ua*Ut=a*+b*. (2)

Here b and b* are not second-quantized but rather ordi-
nary functions in the momentum and spin spaces. Then
according to (1),

UZFUt=F+R,

where
“ 1 1
F=a+Aa+§aBa+5 at B¥*a* 3)
and
R=a(Ab*+ Bb+C*) +a+ (Ab+ B*b* 4 C) +b*Ab
1 1
+§ bBb-i—E b* B¥b* 4 p¥*C+ C*b.

We require that in R the terms involving the operators a
and a* vanish, i.e., satisfaction of the equations
Ab* 4 Bb+C*=0, Ab+ B*b*4+C=0, A+ =4,

relating the functions b and b* determining the unitary
transformation U to the functions C and C*. Using these
equations to eliminate C and C* from R, we obtain

1 1
R=—b*Ab—§ bBb—E b* B¥p*, (4)

Therefore, in the transformation (2) the statistical opera-
tor, according to Eq. (3), takes the form

pO=UpOU*=exp(Q—F), Q=0Q-R, (5)
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where F and R are determined by Egs. (3) and (4), re-
spectively [p(o) no longer contains terms linear in the op-
erators g and a™ in the exponential].

Since the operator F [see (3)] contains only terms qua-
dratic in @ and @™, we have Tr p‘©a=0. Therefore, ac-
cording to (2),

Tr pPa,=Tr p¥(a,+b,) =b,70, (6)

which indicates the presence of a condensate in the super-
fluid Bose liquid, where b and b* coincide with the con-
densate amplitudes. Let us now express the distribution
functions of the Bose quasiparticles in terms of the con-
densate amplitudes b and b* and the correlation functions

S* and g%
Su=Tr B(o)afr02=bsz+f§1 s

(7
821=Tr p©Paja,=b,b,+g5;,
where
£5.=Tr pQata,, g,=TrpPaa,. (8)

Using Eq. (8), the quantities 4, B, and B* entering into
‘0) through F [see (3) and (5)] can be expressed in
terms of f¢ and £, gc From this it follows that p®
=p@(fog°¢"), so that the entropy of the Bose system
S=—Tr p@ In p@=—Tr p'@ In p is also a functional
of only the correlation functions, but not the condensate
amplitudes of the particles b, b*, and S = S(f°g°¢° ).
Let us introduce the unitary Bogolyubov transforma-
tion for the creation and annihilation operators:

Uta,U=upa,+via; =cy, -

Uta Ut =afuy|+avii=c,

where c and ¢ are the new quasiparticle Bose creation and
annihilation operators (the commutation relations for the
operators ¢ and ¢ are still Bose ones, and there is a sum-
mation over the index 2). This transformation has the
form

U+gU=Uy, U+y+0=9+U+, (10)
where

a a A u v

¢=(a+), ¥t =(a*a), U=(v,, u,). (11)

From the commutation relations for the operators c,
[c,c]=0, [c,ct]=1, and Eq. (9) we find the conditions

—wt=], (12)

which by means of the matrices (11) and the 2 X2 matrix
Ty = ((1) ¢ 1) can be written in the form

uv—vu=0, wuut

ut v
UU9=1, UQET3U+T3, U+=(‘V+ 17), (13)

where the symbol +, as usual, denotes Hermitian conju-
gation. It follows from (13) that

UtU=1. (14)
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Therefore, the conditions (12) can be written in a different
way, namely,

+ utu—w*=1. (15)

utv—vu*=0,

We define the scalar product in the space of vectors 9 as

@ Y = ) =(3¢",9), (16)

where (...,...) denotes the usual scalar product. In this met-
ric, which is indefinite for an arbitrary operator A4, the
Hermitian-conjugate operator is 4°=r34";, since ac-
cording to (16) we have

(W, AP)y=(4* ¢ 9). (17)

To find the entropy of the nonequilibrium ideal Bose qua-
siparticle gas we write the operator F [see (3)] as

A 1A+ ~ 1 A Bt
F=5¢"QY—3 4, Q=(B Z)

(tr is the trace over one-particle states) or

A a1

F=34Q¢—3 tr4, (18)
where

a A — A Bt

Y=y, Q=T3Q=(_B —Z)

[since 0=Q%, 0=0°%, i.e., the operator Q is Hermitian in
the metric (17)]. It is easy to see that

pian a1
U+ FU=5 §U® QUj—5 tr 4.

Therefore, the statistical operator (5) is written as

A A 1._ .1
PO =0+ p©@ J=exp Q—5 ¥Qop+5 tr (19)
where
Qy=U*QU.

Since the unitary transformation U preserves the structure
of the operator Q,

Ar B:+

UQQU=Q’=(_B, _Z:) ’ A'+=A’! §'=B'y

we can choose the_transformation U given by (11) such
that the operator Q) becomes quasidiagonal (By=0):

_ [4y O
Qo=(0 —Zo)' (20)

In this case

o =exp{Q—atA4ua)}. (21)

We note that according to the definition (11) and Eq. (8),

V. V. Krasil'nikov and S. V. Peletminskii 203



a A a
Tr p @YX p=Tr p®(a*,—a) (a*)

Tr p@ata  —Tr p©@aa
“\Trp@atat —Tr p©@aa*

A A +
- gc+ ‘1_]"0 =f f =f5 gt_gc

(22)

It is easy to see that the matrix fis Hermitian: /¢ = £, and
the unitary transformation U preserves its structure:

g .
Ung (g+ _1_?1)’ f,+=f” g'=g"

(23)
Noting that

Tr pOYx P=Tr pQU+JUX T+ §T=Tr pOPU®

X Uy,
and using (21), we have
F=UfoU®, (24)
where
. (f -8 . (fo 0
i N B (ST I
(25)

fo=(e—1)=Tr p¥a*a

Since the entropy S=—Tr p(o) In p© can be written as
S=—-Tr pOO) In p(o) then, accordmg to (21),

S=—tr(foln fo— (14 fo)In(1+£;))

=—ReTr foln fy. (26)

[The symbol Re (real part) appears because the lower
right-hand corner of the matrix (25) contains a minus
sign.] Then, using (24), we have

S=—Re Trfflnf%. (27)

This expression determines the entropy of the superfluid
Bose liquid in terms of the normal f° and anomalous g°
correlation functions.

Let us now obtain the expression for the variation of
the entropy in terms of variations of the correlation func-
tions. From Egs. (26) and (20) we find

+/o
fo

BS=tr6foln =tr§fodo= Tr(SfoQo

1 n —
:ETr UsfoU%Q.

However, according to (13),
USfoU% =8F—8UUSR f+ fSUUS =8f+[ f,6UU?]

(here we have used the fact that USU ® = —8UU*? ). Since

[ f.01=0,

204 Phys. Part. Nucl. 24 (2), March-April 1993

1 A=
65=>Trb6/Q. (28)

. A of -8 ;
Noting that §f = ( a£+ _ gé) and using (28), we find the
relation between the entropy and the elements of the ma-
trix Q [see (18)]:

as_ e 1. oS 1
afn ¥ gy 27" ggF 27"

2. THE ENERGY FUNCTIONAL AND ITS SYMMETRY
PROPERTIES

We shall specify the energy density of the Bose system
in the form of a functional of the correlation functions f%,
g° and the condensate amplitudes b [see (7)]:

& (x) =% (x;/°8°b) =& (x,/°B),

where

. VAR o _ b
f‘—(gﬁ _l_j*;c), fE=r B=(b*)-

The total energy of the Bose liquid is given by

(29)

E(fB)= f , d*x% (x;£%,B)

(V¥ is the system volume).

Let us formulate the symmetry properties of the func-
tional & (x; fv B) [and, accordingly, E( f%, B)] under phase
and spin transformatlons, and also under spatial transla-
tions.

The average of some physical quantity a pertaining to
a Bose quasiparticle can be written as

A 1 u 1
a(f‘,B)EtrfazzTrf‘d+5 (3’63)9 (30)

where

R a
o=

[we neglect the term tr @, which is independent of f* and f3
and does not contribute to the variation of a( fA’,ﬁ) )]. Since
the operators 1, s;, and p; are the particle number and the
boson spin and momentum operators, the corresponding
operators for the Bose liquid have the form

1 0 (s O . (Pi O
7'3_(0 _1)7 Siz(o —S~,), P:z(o _1_7’)

The operator 73 is the generator of a unitary phase
transformation:

0
_a«) ’ <B9&B> = (B’T:&éﬁ)

U,=exp(ipT;),

§; is the generator of spin rotations

U,=exp(iwsy),

and the operator p; is the generator of spatial translations:
U,=exp(iyidy).
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According to (23), under these transformations the quan-
tities £, g°, and b transform as

_ ¢ __o2i — alt
Foafo=f g -g=c"g, bob,=c,
j*c_’f:‘)=eiwkskf*ce—iwksk’ gc_’gz‘)zeiwkskgceiwkfk’
b—b,=€“kb,  fo— fr=eilk e~ Vitk,

g g =ePHigieVik, b b,=eViikb, (31)

We shall assume that the functional & (x; fA‘,B) is always
invariant under phase transformations:

& (U fUE U B) = (x:/°B).

Neglecting relativistic interactions, the functional
& (x;f*,B) is invariant under spin transformations:

& (x;U,f UL UB) =8 (x;fB).

Finally, in the absence of external nonuniform fields the
functional is invariant under spatial translations:

€ (x—y;U,fU; ,U,B) =% (x:/°B).

Let us now obtain the infinitesimal form of Egs. (32)-
(34). For this we note that the variation of the functional
& (x;f°,B) can be written as

8% (x,7°B) =6 % (x;1°,B) +85% (x;f*B),

(32)
(33)

(34)

n 1 A
678 (x.f5B) =3 Tr 6f7€(x), (35)

8% (x:f%B) = (1(x),5B),

where

oor [ € AX) o (M)

e(x)_(—A“L(x) _E(x))’ "(x)_(—n(x)’
3% (x;f5B) 3% (x;f°B)
=——="", Apx)=2—5—,

er(x)=""7~ 12(x) g,
% (x; £°,

m(x)=——(;7fﬂ. (36)

We shall refer to the operator £(x) as the quasiparticle
energy-density operator [see (44)].

Varying Eqs. (32)-(34) with respect to ¢, », and y
and using (35), for phase transformations we obtain

;Tr[TaJ‘]E‘(X)H(ﬁ(X)J;B)=0, (37)
for spin rotations

T[S +C(x),58) =0 (38)
and for spatial translations

i?;%‘;_f‘ﬂ% Tr fLEG) Al +iH(0.5iB).  (39)
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We shall use these results below to construct expressions
for the flux densities of the corresponding physical quan-
tities in terms of f* and B.

Varying Eqs. (32)-(34) with respect to the operator
_ff and B, and using (36), we find the transformation prop-
erties of £(x) and 7(x):

UZE(ULfUS UB Up=E(xf%B),
USH(xUaf UL ,UB) =i (x:/%B),

USE(xUfUL UBU,=E(x:1B),
USH(xUfUL UB) =1(x;/%8),

U e(x—y; Uy fUE ,U,B) Uy=5(x:1B),

UL i(x—y;U, U ,U,B) =7 (x:fB). (40)

Finally, let us consider the question of the invariance
of the theory under Galilean transformations. We shall
assume that the energy-density functional is invariant un-
der Galilean transformations if the following condition is
satisfied:

& (U fUE ,UB) =% (x,£,B) +vri(x;/5B)

mt
+5 PSP, (41)

where the unitary operator U, is given by

U,=exp imvg;
and 7,(x; /%) and p(x;£,8) [see (51) and (55)] are the
expectation values of the momentum density and the

particle-number density [see (30)]. Varying this expression
with respect to v;, we obtain

1 . . 1 .
S 1Tr fLE(xf5B) A + ((x),X8) = 7% £%B).

Varying (41) with respect to f‘ and B, we find the trans-
formation properties of £(x;f%,8) and 7(x;/f",) under
Galilean transformations:

U2E(x;UfUE  UB) U, =E(x;fB) +vi(x)
mv:
+5 p(x),
UEH(xUfUE UB) =7 (x:1%B8) +viiti(x)B
m ~
+ p(x)B-

3. THE VARIATIONAL PRINCIPLE AND THE
SELF-CONSISTENCY EQUATIONS

In this section we shall consider the state of statistical
equilibrium of a superfluid Bose liquid. The equilibrium
statistical operator f* and also the anomalous averages
characterizing the presence of a Bose condensate [see (8)
and (6)] will be found from the requirement that the en-
tropy be a maximum for fixed integrals of the motion [the
total energy E=E(f°B), the total momentum &,
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=tr fp;, and the number of particles N=tr f]. Introduc-
ing Lagrange multipliers Y corresponding to these quanti-
ties, we are faced with the problem of finding the absolute
minimum of the functional Q:

Q=—S(f)+ YoE(fB)+ Y, i+ YuN. (42)

Assuming that the variations & f" and 6 are independent
and using (28) and (8), we find the variation of the po-
tential ():

1 - ~
6Q=5Trb/*(—Q+ Y+ Yifs+ Yof) + (8B, Yo}

+ (Y P+ Y473)B), (43)

where
A 3 a5 £ A
E(ﬁ)B)= fyd xe(x;f’B)=(_A+ _E);
ii= f dxi(x),
A(f”,B)=f PxA(x,/%B),
V

e(foB) = JV d*xe(x;f%,B)

[see (36)]. Here £ is the energy operator of the above-
condensate quasiparticles, which is Hermitian in the indef-
inite metric (17): £=2°%. Setting 52 =0, we obtain

0="Y(F\B) + Y+ Yofs,
Yoij+ (YP;i+ Y473) B=0.

Therefore, according to (30) we arrive at a system of non-
linear self-consistency equations:

Fe={exp(Yof (F.B) + Y+ Yify) — 1371,

Yo+ (Y P+ Y473)=0.
Here Y5 '=T is the temperature of the system, and
—Y;'Y,=p and — Y5 'Y,=wv; are the chemical potential
and velocity of the normal component of the superfluid
liquid, respectively.

It is well known*? that for spatially uniform states of a
Bose liquid in the presence of a condensate moving with
momentum ¢ the following relations are satisfied:

fow =S 8oy =8pw—ar Bp=beSp-
These can be rewritten in terms of f‘c and B as

[hi—aif3.f1=0, (Bi—qif3)B=0 (45)

[we shall refer to (45) as the condition for spatial unifor-
mity of the Bose liquid].

For equilibrium spatially uniform states of a Bose lig-
uid the solution of (44) must be sought in conjunction
with the solution of (45) [owing to (34), Egs. (44) and
(45) are compatible if there are no external nonuniform
fields]. Therefore, a new thermodynamical parameter q
(the superfluid momentum) will be introduced into the

(44)
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theory via the selection of solutions of Eq. (44) satisfying
the symmetry conditions (34). It is easily seen that solu-
tions g°=b=0 exist. These solutions correspond to the
normal Bose liquid.

4. THE KINETIC EQUATIONS FOR A BOSE LIQUID

Let us now turn to study of the kinetic equations for f‘
and . In the phenomenological approach to the theory of
the superfluid Bose liquid, interpreting &( f‘,B) as the en-
ergy of a Bose above-condensate quasiparticle, we shall
assume that the kinetic equations for f° and B take the
following form when collisions between quasiparticles are
neglected:

af . . B .
IE= [e(ﬁyB)’ﬁ}’ 15=n(ﬁ’3) (46)

In the microscopic theory the second of Egs. (46) corre-
sponds to the equation i da/dt=[a,7|=035/da*, where
& is the Hamiltonian of the Bose system and a is the
boson annihilation operator. We shall show how the ki-
netic equations (46) of a Bose liquid can be obtained in
perturbation theory. The kinetic stage of evolution is de-
scribed in the zeroth-order approximation in the interac-
tion between the quasiparticles and the statistical operator
PO (fgb)=U" () p'” (fg)U(b) [see (5)], which is
a functional of the correlation functions f¥, g°, g and the
quantities b and b*. From the equation of motion for the
statistical operator i dp/dt=[77, p] we have, in the leading
order in the interaction,
. 0fa

i 7=Tr B(O) (a5 a,]

=Tr pOU(b) [#,a] a,]U(b)*
=Tr p'Q[(b).a] a,] +b*Tr p @[ (b),a,]

+b6,Tr p O [27(b),ai" 1,

0,

i 2 Te pO[# () ayay] +biTr pO [ (5).5]
+b,Tr p Q[ (b),a1],

. 96, (0) (0)

1E=Trp [7#(b),a;], TrB a,=b,, (47)

where 77 (b) =U(b)#°U(b) ", and 57 is the Hamiltonian
of the system. According to (7), we have

.ale_iaﬁl iaii"b .b*?ﬁ
158 15 Tl 0T 5o
(B % 0by, O,

ot ot ot o

Therefore, Eq. (47) can be written as

a 0,
i§=Tr p Q[ (b),ata), i—ég;=Tr pQ[5#(b),aal,
(48)
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&

b b
P 0) - Silad, (0) +
i =Tr p @[ (b)al, i =Tr p @[ (b)a*].

We introduce the energy functional

E(fB)=Tr p@(fB) ¥ =Tr p () (b)
and the quantities

IE(f"B) B

B IE(f°B)
512——'6f§] , 2=

*
g3
Calculating the averages [in the state p®( 9] on the

right-hand sides of (48) using the Wick rules, which in-
volve the normal and anomalous averages as constraints,

afa,=Tr p @ (f)af a,=f4,
L

aja,=Tr p(o)(f”)ala2=g§1, Tr P(O)(fA‘c)al=0,
L

_JE(FB)
ST

we arrive at the kinetic equations (see the analogous der-
ivation in the case of a Fermi liquid in Ref. 51)

a
l—éf;= [Esf]+Agc+ "'gCA+)

. 9g° - ~
1E=£g‘+g‘£+f‘A+Af”+A,

. 9b;
1'§="71E

AE(fB)  Ib¥

bt IEFB
awr 0 e TMTT

b,

which correspond to Eq. (46) in terms of components.

Using the kinetic equations (46) and the symmetry
properties of the energy functional &, we can formulate
the conservation laws and determine the flux densities of
the conserved physical quantities. Here we shall use the
following lemma.

Lemma. The time derivative of the average of the den-
sity of a _ physical quantity a,
a(x;f%B) =tr fa=1iTr f°G+1(B,dB), can be written as

ad "
d(x) =7 a(x;fB)

Oap(x) i _ o~ ..
=~ +5 Tr fLE(x),4] +i(7(x),4B),

(49)

where

i 1
ap(x) =% Tr f° J d3x’x,’(J;) dé[E(x—(1—§)x'),d(x

1
+&x')]+i f d*x'x}, J;) dé(n(x—(1

—&)x'),d(x+£x")B),

A= Jd3xé‘(x).

The proof of this lemma follows directly from the kinetic
equations (46) (see also Refs. 51 and 52).

(50)
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Setting d(x) =p(x) in (49) and (50) and usipg (37),
which follows from the phase invariance of & (x;/%,3), we
find the conservation law for the particle-number density

p(x)=p(x;f%,B):
dp(x) Aji(x) p(x) 0
= , x)=|" . ,
( 0 —g(x))
(51)

ot - Bxk

p(x)=56(x—x),

where x is the coordinate operator and
i 1
Jr(x) =3 Tr f¢ f d*x'x}, fo di[E(x—(1=&)x"),p(x

+£&x’)] +ifd3x'xLJ.1 d§
0
X (n(x—(1—)x"),p(x-+Ex")B)

is the particle-number flux density.
Setting d(x) =5;(x) in (49) and (50) and using (38),
we find the conservation law for the spin density

si(x) =s/(x;,fB):

asi(X)_ 9j w(x)
at - axk ’

(52)

s(x) O
§i(x) = (

0 —E(X)) , (53)

where
| .
ju =5 [ x| deTe - (1-ex.8(x

1
+gx')]+ifd3x'x,;f de

0
XAn(x—(1—&)x’),$;(x+£x")B)

is the spin flux density.

Finally, setting d(x) =7;(x) in (49) and (50) and us-
ing (39), we find the Aconservation law for the momentum
density 7;(x) =m;(x;%B):

am(x)  Jtu(x)
ar  oxp

. mi(x) 0
’T"(")=( 0 -7

(54)

(55)
1
’ El(x)=§ {E_i,B(X—E)}y
where p; is the momentum operator and
i(X) = — & (x:1%,B) 8

o fdgx,x;(fo‘ dE Tr P[é(x—(1

1
—§)x'),ﬁ.-<x+§x')]+ifd3x'x;f() dg

X (h(x—(1-8)x’),#(x+8x")B)

is the strength tensor.
Let us now formulate the energy conservation law. Ac-
cording to (35), from the kinetic equations (46) we have

(56)
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6?( ;A :B) i ~ s 7
_’;L%Tr FLeCB).e(xFB)]

—i((x;758),1(FB)).

It is easy to see that

PO =30 [P [ deix—a

—§)X yfc’B);n(x+§x 9B)>s

1
BB A8 ] = fd3 fo dE[E(x
+Ex),6(x—(1—&)x)].
Therefore,
A% (x:f°B)  dwy
T (57)

where the energy flux density is given by

. ! )
wk=% de‘x’xl’c fo dg Tr f‘[é(x_(l_é—)x;)’é(x

1
+§x’)]+§ Jd3x ka- dé(i(x—(1

—&)x"),j(x+&x")). (58)

5. THERMODYNAMICS OF THE BOSE LIQUID

Let us consider the thermodynamic-potential density
for the equilibrium spatially uniform state of a superfluid
Bose liquid, f f‘eq, B=PB.,- The condition of spatial uni-
formity (45) allows us to write ¥=Q/V as [cf. (42)]

S(fe)

w(}: ’Beq)=_ +Y0g(0 .f:q’Beq
9 7%

+ Ym0 F2g Beg) + Yap(05.F5q Beq)s
(59)

where & (0; f‘,ﬂ) is the energy density of the Bose liquid
and ; and p are the momentum and particle-number den-
sities, respectively. Owing to the condition (45), the
thermodynamic-potential density depends not only on the
parameters Y, but also on the superfluid momentum g;:

o(f5 Beg) =0(Y,q).

It is important that » depends on Y both explicitly and
through fﬁq and B,. Owing to the variational principle,
8 peto ( B = g ( f“,ﬂ) =0for f¢ = fﬁq and B=p,, . There-
fore, differentiation of the thermodynamic potential (59)
with respect to Y actually is done only with respect to the
quantities appearing explicitly in (59). In relation to this
we have

(60)

do(Y.q) Jdw(Y,q)
vy, ~ ’ aY;

aw(Y,q)_
ay,

(61)

:7]".’
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To find the derivative dw(Y,q)/dq; we introduce the oper-
ator

. x; 0
Upy=exp(—igxX)), J?,-=( ~) .

0 —% R

We rewrite (59), which is valid for spatially uniform states
(45), as

1 - i
o(Y,q+8) =3 Re Tr filnfe+ Yof (Ug f3U,, Uy By)
Y e .
+7 (Tr f;UgﬂiUg + (Bg’Ugﬂ'iUg Bg))

+%<Tri§ugﬁv,§+<Bg,UgﬁU:Bg>), (63)
where
Fi=Uf(Ya+8) U, B,=Up(Y,q+8),
Fra)=7y, B(Y,Q)=By.

It is easily seen that the operator ffg and the wave function
By belong to the class of spatially uniform quantities (45)
for any g, i.e.,

[ fo.pi—qi3]1=0, (Bi—qif3)By=0

Therefore, differentiating (63) with respect to g; and tak-
ing g;=0, taking into account the variational principle

aﬂ(ﬁ!B)=8BQ(ﬁ’B)=Oa fczfgq! BZBeq;
we have

aa)(Y,q)_

aq,' f:q :Beq ) 7xA i ]

YO( Tr f,[¢
+i(17(0;fA§q’Beq)’xA‘Beq))

i -
+ Yk 5 (Tr fzq[ﬁkrfi]

+ (Beq9 [ﬁk’xAi]Beq> ).

We note that Eq. (40) describing the invariance under
phase transformations and translations for the quasiparti-
cle energies gives

éq(x;e—iﬁxf*:eiﬁx,e—iﬁxﬁq) :e—iﬁxé\q(o;f'\‘cl ’ﬁq)eiﬁx,

nq(x;e—if)xj:eiﬁx,e—iﬁxﬁq) =e—iﬁan(0;j: By)
where

£a(X:£2.B,) =7 1RE(x; f,B) €%,

N(x;£%.By) =e " Fn(x;fB),

f; = c—iqi j\ceiqx, BqE e—iqiﬁ‘

Using these expressions, according to (52) we easily find
the following expression for the current density in the spa-
tially uniform state (45):
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i

Ji=3 Tt FTEQFB) A +in(OfB).%B). (64)

Since [#,(0),8]= —i6;;,p(0), we have

i X
2 (Tr fe[#(0),%;] + (B, [7£(0),%,1B)) = p, (65)
where p is the particle-number density. Therefore,
aw( Y,q) . Y,'
34, =Y°("'+Yo ) (66)

Then the second law of thermodynamics for reversible pro-
cesses in a superfluid Bose liquid is stated in the same way
as for a superfluid Fermi liquid:*!

Y.
do=%dY,+mdY+ pdY,+ YO( j,-+}—; p)dq,—. (67)

Noting that the entropy density is
s=—w+Y,& + Ym+ Y,p, we find the expression for the
differential of the energy density & =& (s,m,p,q):

Y;
d€ =Yy 'ds—Ydm+ Yo( j,-+3,; p)dq,..

6. DIAGONALIZATION OF THE OPERATORS FOR
PHYSICAL QUANTITIES AND THE SELF-
CONSISTENCY EQUATIONS

As in the theory of a superfluid Fermi liquid,51 an
arbitrary physical quantity for a Bose liquid

a —a
A=( + .,) , a=at,a=a (68)
a —a -
transforms under a transformation U [see (11)] as
al _gl
A-A'=U%AU, A’=( ,+ ~ | (69)
a —a
where
@' =utau—vatu—utavt+vavt=a'",
B - (70)

a'= —u+av+172+v+u+_a_u*—175u*5(_7’.

Using the transformation U, a matrix 4 can be brought to
quasidiagonal form:

a o0
A’=U9AU=( ~,).
0 —a

In order to find the diagonalizing transformation U, we
equate Eq. (70) for @’ to zero:

utav—vatv—utau*+vau*=0
or
aX+Xa—a—XatX=0,

where v=Xu*. From the unitarity condition [UU® =1;
see (13) and (14)] we easily find

uut=(1-Xx+)".

From (15) we also easily obtain
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X=X. (71)
Therefore,

uut=(1-XX")"'=K, (72)
and the equation for X takes the form

aX+Xa—a—Xa*X=0. (73)
Let us find a’. From (70) and (71) we obtain

a'=utDu, D=a—aXt+XaX" —Xa*t=D*. (74)
Using (73), the quantity D can be written as

D=(a—Xa*)(1-XX7), (75)
and, therefore, from (74) we have

a’=u+(a—Xg+)u+_l. (76)

We note that it follows from the Hermiticity of the matrix
D and Eq. (75) that

K(a—Xa*)=(a—aX")K. an
We also have
XK=KX=KX. | (78)

Equation (72) determines the matrix u up to a transfor-
mation #— uA, where A is a unitary matrix (AA* =1). This
ambiguity in the definition of the matrix u can be used to
diagonalize the Hermitian matrix ¢’ in the momentum and
spin spaces. .

Let us write the self-consistency equation for f* [see
(44)] in a form containing operators acting only in the
momentum and spin spaces. According to the preceding
section, the quantity £§=2(f%,8) + (Y/Yo)p;+ (Y4/Y)7;
determining the equilibrium statistical operator f,

. (& —§ . Y, Y,
= (§+ _E) s §=£(f9B)+—ﬁ’£1+?09
E=A(f%B), (79)

can be reduced to quasidiagonal form by a unitary trans-
formation (11):

A & 0
io-(o )

where, according to (76),

£ =ut(E—XEN Ut (80)
and the matrix X _satisﬁes the equation

EX+XE—E—XETX=0, X=X. (81)
Since

u v . o

U=(v* u*)’ fe=UfU", (82)
where

(o _igg) fim b
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then

-1 ~ - B\~
=ufout +v(1+ v, g=ufv+v(1+ fQ)u
Noting that, according to (82) and (80),
ff)=u+nu+—l,
we obtain

fe=Kn+X(1+1)X*K, g=KnX+K(1+n)X,
(84)

n={exp Yo(E—XA*t)—1}"1, (83)

where [see (72)]
K=(1-Xxxt)"1

In deriving these expressions we have used the fact that
v=Xu* and XK = KX [see (78)].

Let us consider the solution of (81) and (84) for spin-
less quasiparticles in the uniform case, when ¢,=0, i.e., we
shall assume that [ f‘,p] 0, from which we find [ f%,
p1=0 and pg°+g°p;=0. Therefore,

— c __ €
ﬁz_f:lapl P’ g12—g1’18|’1'*l’2’

where j;* =

follows that

(85)

fyand g; = g° . From this and from (36) it

=A, 8

512=€p16p1,p2' A p.Op.—p,"

Therefore, X1, = X}, 8, ,_,,, where X, satisfies the equation
[cf. (81)]

X:A:—Xp(gp'*‘g—p) +4,=0,

the solution of which can be written as

£p+&_p—2E, Ep+&_p\°
X,:—"—zr"*—, Ep=\f(—"2—") — |4,
’ (86)
It follows from (83) and (72) that
_ —1
={exp Yo(gp 2§_p+Ep)—ll ,
1 Ept+E_p
P=2E, (E+ 2 )
1 E+E_
2 _5p P
KPIXP| ——ZEP (EP 2 ) (87)
Therefore,
1 E,+E_ Ept+é_
A G U Gy
><(1+n_.,)], (88)
c AP
g"=2_E-l; (ng+n_p,+1). (89)

These equations must be supplemented by the self-
consistency equations for the condensate amplitudes b and
b* and also the equations relating £, A, and 7 to g5, f*, and
b:
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Y; Y4
Er=5p +3 P. ) (90)
_OEFB)  _ ETB
&= af; ’ D_ agp ’
E(fB)  , GEfB)

=, = 91
=", * T o e
For a given energy functional E( f",ﬁ), Egs. (88)-(91)
form a closed system of equations for finding f%, g°, and b.

We note that owing to the phase invariance of the
energy functional, Eqs. (88)-(90) admit solutions when
b=0 but g°5~0. The phase transition corresponding to this
case is not related to the phenomenon of Bose condensa-
tion and has been studied earlier in the microscopic ap-
proach (see, for example, Ref. 53). This phase transition is
mathematically very similar to the transition to the super-
fluid state for Fermi systems.

Equations (88)-(90) also admit solutions when 5540
(in this case we necessarily have g°40 also). This phase
transition corresponds to the phenomenon of Bose conden-
sation.

7. THE ENERGY OF THE BOSE CONDENSATE AND
THE THEORY OF A WEAKLY NONIDEAL
BOGOLYUBOV GAS

To study the self-consistency equations further it is
necessary to make specific assumptions regarding the
structure of the energy functional E(f%,8) of the Bose lig-
uid.

We shall assume that at low temperatures the quasi-
particle energy functional can be obtained by averaging the
mlCI'OSCOplC quasiparticle Hamiltonian &#°(a*,a) over the

state p (j"B) [see (5)]:
E(f,B)=Tr£(°)(ﬁ,ﬂ)ﬁ’(a+,a). (92)

The Hamiltonian #°(a*,a) in the semiphenomenological
approach is an arbitrary N-ordered Hermitian operator
(the operators a* stand to the left of the operators a). It
follows  from  (92)  that  E(fB)=Tr p¥
X ( f’” )2 (a™ +b*,a+b). Therefore, using the fact that f*
and g represent constraints on the operators a*, a and q,
a [see (9)] and using the Wick rules, we find

E(fB)| poege—o=E(B) =5 (b*,b),

where E(S) is the energy functional of the condensate.
Noting that

d d
E(B)=eXp(b aT,+b* ab—,,,,)E(B’) | =0 (93)

we write the microscopic quasiparticle Hamiltonian as

a a
%(a+’a)=exp(a ab/*)exp( ab,)E(B')IB'=O
(94)
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(we have taken into account the N-ordering of #°). There-
fore, using Egs. (92) and (93), we have

E(f*,B)=Tr p® (f)#(B),
where, according to (94) and (5),
X (B)=UB)H# (a*,a)UPB)*

ad ad
=exp(a+ ab*)exp( )E(B)

and, therefore,

N d 4d
B9 =7 (555 35 EO). (95)
The quantity % (u*,u) given by
F (u*u)=Tr p'@(f)exp(u*a*)exp(ua), (96)

is the generating functional of multiparticle distribution
functions (see Ref. 52).

Introducing the notation y = (":u) and 1@ = (Z+) [see
(13)] and using the well known expression
exp(atu*)exp(au) =exp(a*u*+au— (1/2)u*u), we find

1 . .
F (u*u) =exP( -2 (x,fsx))Tr PO (f)exp({xs¥)),

where we have used the fact that ua+u*at = ()(,1/;) and
2u*u=(y,m3y). Performing a unitary Bogolyubov trans-
formation (11) inside the trace m this ex; r&snon and using
the fact that p{® =0+ p @ (f) U, U+§U= Uy [see (19)],
we find

F (u*,u) =exp( <x,fsx>)Tr pe"exp(x.P))

1 1
=CXP( —7 om0 +3 <x,T3)_(>)

X Tr p{exp(a*u*)exp(au),

where y=U®y and u=U®u Since Tr p§®
exp(a* u*Texp(au)-exp(ujf)u*) (Ref. 52), then

F (u*,u) =exp

_Z xmax) +3 ()gﬁ)j)] +ufou*.

Therefore, according to (82),

1 " 1
F (u*,u) =exp 3 S0 -3 6T |-

Further, noting that (y, f"x) = 2ufu*
+ u*¢ u* + u*u and 1(y,Tsx) =u*u, we obtain

+ ugfu

1 1
F (u*,u) =exp uf”u"‘+5 ug‘u+5 u*g‘+u* . (97)

Therefore, according to (95) the energy functional
E(f%,B) of the Bose liquid can be expressed in terms of the
energy functional E(B) = E( f‘,B) | g¢= pe=o Of the Bose
condensate:
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E(} a l 3 a
13 . .
+55b‘—,..8£ B* (B). (98)

The properties of phase and translation invariance of
the condensate energy functional E(B)=E(b,b*) are
stated as

E(€%by,e™"b*) =E(b,,b}),

_ _ (99)
E(e™b, ,e_"’yb;‘) =E(b, ,b;‘).
The energy functional (98) satisfies the relations
0E J&E 5 dE &E
TSS9, TN gget abtab}’
A¥ ———aZE 100
1= 3,36, (100)

Let us consider the approximation in which the corre-
lation functions f* and g€ are small compared with 5* and
b (almost all the particles are 1n the condensate). In this
case the energy functional E( f‘ ) can be written as

| 19
+abfab*+28bgcab

19 d
+ia—b;g"‘ 555+ [EB).-

E(fB)=

Therefore [see also (100)],
FE(B) PE(B)

Ele:?bl_ab—f’ zlzm,

where the condensate wave functions b, and b¥ are found
from the equations

OEB) Yi,, o 9EB)

Y,
b, TR ey T b" O 5=0 0)

(for simplicity we consider the case in which the superfluid
momentum is =0 and, therefore, b, = 6, 0b¢). The normal
and anomalous distribution functions of above-condensate
particles are given by Eqgs. (88) and (89):

=5, (B3 (B3

><(1+n_.,)],
&=7 (n.,+n_,,+1),
(101)
ny={exp Yo(E,+ Yy '¥Yp) —1} 7,
PEB) 10EB)\* |FPEB) )2
P‘{(ab,abg'bo bg ) - ab,,ab_,,l ] ’
bp=b08p,o
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(here we have used the fact that £,=¢8,, and
Ay,=A6;,_,). Let us show that the quantity E,, which
can be interpreted as the energy of a quasiparticle with
momentum p;, vanishes for p;=0 (Ey;=0) owing to the
phase invariance of the condensate energy functional
E(b,b*)=E(e“b, e "9b*) (the Goldstone-Bogolyubov
theorem). In fact, introducing the notation b¢=ei"’b0, we
have

OE(by,b})  OE o0E
——=ib —ib¥* —=0.
dp ¢ 8b ¢ ab%

Differentiating repeatedly with respect to @ and setting
@=0, we obtain

FEB) 10EB) FEB)

AbydbY by 0by  Obydby’
from which we find that E,=0.

In the theory of a weakly nonideal Bose gas one begins
with the Hamiltonian

Hl(aat)= 25101 a1+ Y ®(12;34)a} a5 asay,
1234

0 pl
&= 2m’

where ®(12;34) is the interaction amplitude of the Bose
particles, which is nonzero only for p; +p,=p3;+p4. In this
case the condensate energy is given by

EB)= D¢ b*b,+ Y ®(12;34)b*b*b;b,.
1 1234

For a potential interaction ¥ (x;—x,) between the par-
ticles,

1
D(12;34) =7 (v(p3—P1) +v(P3—P2))81 12314,

where v(p) = [ d*xe™ V' (x). Therefore,

Ay=ngv(1), e=e}+no(v(0) +v(1)),

no=>b¥by/ V. (102)
In addition, from Eqs. (101) and (102) we find that

Y,

—=—nyv(0), € +Z—1—£°+n v(1l)
YO_ hoVv ’ 1 YO_ 1 0

and, therefore,
E,={e)(e9+2nyv(p))}%

. nhov(p)
gp— 2E (np+n—p+1),

1
ff,'—‘ﬁ {(Ey+e3+nov(p))n,
p

—(E,—gg—nov(p)) (14+n_p)}.

These expressions determine the spectrum and the normal
and anomalous correlation functions of a weakly nonideal
Bose gas. They were first obtained by Bogolyubov'® and are
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valid at low temperatures and for a weak interaction be-
tween the bosons, when almost all the particles are in the
condensate.

Let us conclude with a look at the question of the
oscillations of a spatially uniform Bose liquid when all the
particles are in the condensate. For this we need to use the
kinetic equations (46). In the spatially uniform case
b;=e""b8,, (b>0 and @ is a phase). Neglecting the cor-
relation functions f* and g° when finding 7, (which deter-
mines the time variation of the “wave function” of the
condensed particles) and using the conditions of phase and
translational invariance of the functional E(B) (99), we
find

g JE .
n1=¢ 26]’0, 2: (%)0;—2 (103)
[the subscript 0 in (103) indicates that we are taking b, =
bb, ). In this approximation

E
)=

En=6101,, E=|—0—=| =
12—¢€191,2 €1 (ablaball: o =

A% =A¥*e%%5 A¥= kil ;éA
12—21 1,-2» 2 ab ab_ 1

Owing to (103), the kinetic equation for b, takes the form
ib + ¢b = 7, from which we have b=0and p= 1/b and,
therefore, b=const and p= (n/b)t+const

Since ¢ depends on ¢, A}, also depends on ¢ through
the phase factor e*® (¢, and A¥ are independent of ?).
Therefore, the quasiparticle energy £(#) will depend on the
time through the phase factor ¢*®. Taking this into ac-
count, the solution of the first of the kinetic equations (46)
can be written as

F=U@f0)U@®) ¢,

where

(104)

.au(y)
! at

=£()U(¢), U(0)=1.

The unitary operator U (see Sec. 1) has the form U

= (U .4), sO that
it=cu+Av¥, u(0)=1,

—iv¥=ATu4ev¥, +¥(0)=0.

In the spatially uniform case u,=u8;, and v}
= v§8, _;. Therefore, introducing the notation w, =
— vt,c‘z"”, we rewrite the last equations in the form

iy =gu+ 4w,
—iu')1=é’1"u1+ ( )E_] —2<p)w1 .
The solution of these equations taking into account the

initial conditions #;(0) =1 and w;(0) =0 has the form

{(w__gl)e—iw+t

lll(t)zw —
- +

= (m+ _El)e—iw_t}’
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AY
wl(t)=(o —Q
+

{e—im+t_

e—WAt}y
where

laE

Assuming that at the initial instant of time all the particles
were in the condensate [ f€(0)=g°(0)=0], we have
f50) = (p _1) Therefore, according to (104),

ﬁ([)=VlVT

and therefore

=—1+uuf, g)=vu

A2

fi)= 2|

@

Sln wt,

co+a)

o= = J(e1—9)* =A%, (105)

sin w¢

g =Z—1- (p—e1) —icos wt}e” 39D sin w,t.
The quantity w, coincides with the quasiparticle energy E|.
Therefore, the energy E, determines not only the thermo-
dynamics, but also the spatially uniform oscillations of the
Bose liquid when almost all the particles are in the con-
densate.

8. THE IDEAL HYDRODYNAMICS OF THE BOSE
LIQUID

To construct the ideal hydrodynamics of a superfluid
Bose liquid, according to the principle of locality of a ther-
modynamical equilibrium state it is necessary to find the
equilibrium values of the particle-number, momentum, and
energy flux densities. Since the particle-number flux den-
sity has already been found in Sec. 3 [see (52)], we shall
now find the expressions for the strength tensor and the
energy flux density in terms of the thermodynamic poten-
tial . We begin with the strength tensor.

Let a; be the coefficients of arbitrary affine transfor-
mations x; —» x; = ayX;. Then it is easy to show that the
operators ay 'X; and @ iDx satisfy the same commutation
relations as the operators X; and j; . As is well known, from
this it follows that

UAUZ =ay'xi, UbUS =auby, (106)
where U, is a unitary operator. In addition,
U,p(x) Uag =det ap(ax),
(107)

Uaﬁi(x) UQ =deta- E,-kﬁk(ax).

In the case of infinitesimal transformations a;=38;+ &,
U,=1 —z§,k1"k,, where the generator Fk, of unitary trans-
formations (106) is given by the expression

{xnpk} 0
xk— J d xxﬂTk(x) =3 ( 0 _{x. pk}) .
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We note that Ul =U, 1=1+i§ikf‘ki. Therefore, from

(106) and (107) we find the commutation relations
[T Xl =—ibpi%;, [Tiw.br] =i6ibr,

a7(x)
ax,

1[#1(x), L] =8 (X) + 8t (x) 41
ap(x)
ox;

For a spatially uniform equilibrium state of a Bose liquid
we have [see (45)]

[ f°(Y,Q).5i—a#3]1=0, (Bi—
so that

[Uf(Y,aq)US pi—qif3]1 =0,

(pi—gq:f3) UB(Y,aq) =O0.

Let |x,A) (A=s,7;7==1) be an eigenvector of the oper-
ators X; (the coordinate operator), §;, and 75:

|x,A)=x|x,4), §|xA)=s|x,4), 7|x,A)=7|x4).

Then, according to (106), U2 |x,A) =&|a~'x,A). The nor-
malization condition (xA|x’A)=76(x—x") leads to the
following expression for the normalization factor &:§

=1/ \Idet a. Therefore,
U,|x,A) = |ax,A) {det a,

i[p(x),F ] =8p(x) +x

9:3)B(Y,q)=0

U,|0,A)= |deta 101)
(108)

Computing the trace in the (x,A) representation, the en-
tropy per unit volume can be written as

1
s(f‘)-——-—-ReTrfflnfc

1 X _
=—7Re > fdx<x,,1|ff1nff|x,,1>.
A

Since for spatially uniform states (45) the matrix element
(xA| f°In f°|xA) is independent of x,

s(f) = —Re ; (04| f1n £¢|0A),
or, using (108), we have

s(f%)=—deta Re ; (OA| U fU2 In U,fUZ |0A).
Therefore,

s(f) =det as(U,fU?).

This expression shows that the entropy density is not
invariant under a unitary transformation U, (in contrast to
the total entropy), since the factor det a arises in the trans-
formation U,. This additional factor always appears in the
transformation of quantities which are densities [see
(107M)].

Using Eq. (59), according to (107) we have

w(Y,ag) 1 -
——=—=ReTr f;In
deta V faln fo
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Y, "
tta & (U, U, U By)

1 -
+5 Y,E,k(Tr f;’ﬁ'k(o) + (Ba ,ﬁk(o)Ba>)

1 u
+5 Ya(Tr fap(0) —(B,,p(0)B,)),
(109)
Je=US(YaQUy, B,=UB(Yaq).

We set a;=08;+&;; in this expression and assume that
&< 1. Variation of the right-hand side of (109) with re-
spect to f; and B, (related to expansion in &) leads,
according to the variational principle (see Sec. 5), to zero.
Therefore, using the fact that
8(w(Y,aq)/det a) = — ;0 +Ergx(d0/3g;), by expanding
the right-hand side in £;; we obtain

do A
08 —qx a—q.= Yo# (0;/,B) 6
i o o
_ y0(5 Tr 7°[£(0;/%8), ]

+i<n<o;ﬁ,ﬂ>,r,~b6>)—r,«rk, (110)

where m,=3(Tr f*#,(0) + (B,7#(0)B)). Owing to (56),
for states f° and B satisfying the spatial uniformity condi-
tion, the average of the strength tensor #; is

ty=— (0,783 +3 Tr FFIE075B), D]

+i(n(0;/%B),T1B).
From this, using (110) and (61), we have

gr 9w 3 wY;
= m—— . (111)

Y, dq; 9Y; Y,

Now let us find the expression for the energy flux den-
sity w; in terms of the thermodynamic potential w. For
spatially uniform states [see (45)] the following statement
is valid: if [ f°,p,—q3]=0, then

Bi=y [ @ T F1000,00)1=(00)i=0

(112)
where
Fe=(e2—1), Q=fd3XQ(X).
Here we have used the notation (a@,b); = (i/2)

X [ 3xx, Tr ff[c‘z‘(x),ls(O)]. The proof of this statement is
exactly the same as that of the analogous statement for the
Fermi liquid,”! and we shall not give it here.
Using the definition of the operators #,(x) and p(x),
we easily obtain the following commutation relations:
[A(x),p(x")]=0, [#(x),p(x")]
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d
=—1p(x)5x—i§(x—x ), )
d6(x—x’)
ax;

6(x—x")
axk ’

[7:(x),7e(x") ] = —iff(x)

— i (x")

Let us apply Eq. (112) to the state of statistical equilib-
rium, where

O(x) = Yol (x;7.8) + Y#(x) + Yup(x).
Noting that {(a,b);, = (b,a)},, we obtain
Yo(e,8) k+2YoYe,m) i+ 2 Yo Y o(e,p)
+2Y, Y (m;,p) i+ Y. Y {71;,m)) ,=O0. (114)

Using Eqgs. (52), (56), and (58) to express the quantities
{epeer)f in terms of the average densities of physical quan-
tities and their flux densities using (113) and the self-
consistency equation 7(0)=— Y5 '[¥#,(0)+Y,5(0)15,
we have

Y

<e,e>,:=2wk—7§ ((B,Y#(0)B) + Y4(B,p(0)B)),
0
1
(TipYi=tu| =3 BB |,
1
(&m) i =ta+ g(0)5,'1(4-2—1;(—) ({B,(8x7(0)
+8i;(0))BY Y+ Y48(B,5(0)B)),

Y, .

(S’P>I'(=jk+m (B’P(O)ﬂ>;

1
iy m)i= V¥ (71— B OB ).

Therefore, Eq. (114) takes the form
Yowe+ YoY(ty+ & (0)8) + YoYujr+ Yy Yor;

+YkY4p=0'
From this, using (61), (111), and (66), we finally obtain
Y,(+Ygq, 00 0 Y,
= — i B i (115)

Y, ogi 9Y, Y,

Using {,; (2=0,1,2,3,4) to denote the averages of the flux-
density operators (Sor=wi, n=tu, Esx=Ji), We write
Egs. (66), (111), and (115) in the combined form (cf.
Ref. 51)

a=0,1,2,3,4.
(116)

The locality principle for an equilibrium state leads to the
hydrodynamical equations of an ideal superfluid Bose lig-
uid:
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aga a gak
at ax k ’

where {,=0w/dY, [see (61); §o=&, §x=my, and §y=p],
which have the same form as the hydrodynamical equa-
tions for an ideal superfluid Fermi liquid. The quantities §,
and . depend on x and ¢ through the functions
Y,=Y,(x,t) and ¢;=g;(x,t), which vary slowly in space
and time. The system of hydrodynamical equations will
become closed if we find the equation for the superfluid
momentum g;(x,?). To find this equation we note that the
equilibrium distribution function does not commute with
the quasiparticle Hamiltonian £( f‘ B). In fact, according
to (44) and (45) we have

(117)

. Y+Y,q, . A

[&F1=——5—" [#:.F),
0

(118)

Therefore the operator f“ and the quasiparticle condensate
amplitudes B describing the state of statistical equilibrium
must depend on the time. It is easy to see that this depen-
dence must reduce to a phase transformation

FE(0) =explip(2)73) € exp(—ip(2)F3),

B(#) =exp(ip(#)73)B.

In fact, owing to (118), these quantities satisfy the kinetic
equations (46) if the phase @(7) satisfies the equation

Y+ Yg;

Yo (119)

$(H)=

Let us give the general definition of the phase:

@(x,2) =Im In ¢¥(x,1),

where
1
(x,8) =—= 2, exp(ipx)b,(2).
Yo =T g

In an equilibrium state this definition, according to (119),
leads to the expression

Y,+Yg;
P(x,1) =—5 " t-+qx+9(0), (120)
0
from which we find
Y+Y i d (x,t)
pan=—12 = (121)

YO ’ ax,- =4

Assuming that these equations are valid for weakly
nonuniform states, we obtain

ad Y4+Ytq1

I=3% T, (122)

Therefore, the system of equations (117) together with Eq.
(122) forms the closed system of equations of ideal hydro-
dynamics of a superfluid Bose liquid.

We note that the expressions for the flux density (116)
can be written in a form corresponding to two-liquid hy-
drodynamics. Owing to rotational invariance, the thermo-
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dynamical potential w is a function of the parameters Y,
Y2, Y,, ¢°, and Y g;. If we introduce the quantities o,,, oy,
and m* according to the expressions

dw 2 dw 5
0',,=—2Y0ﬁ, O,= Ya—q‘f(m*)

(123)
1
(i
p—aY,q,-
the fluxes ji, t;, and w; take the form
cr,, +A t—26+avv+aqiqk
]k —%Vnk (_37 k= YO ik n¥niVnk .\'W’
Y, o o, o4qx
Vni= "y, Wk Vak —70+£+(P—;;)40 ~m*)2%
Y+ Yg;
o=y (124)
0

From (123) we see that o, can be interpreted as the
“mass” density of the normal component and o; as the
“mass” density of the superfluid component of the Bose
liquid. We shall interpret m* as the effective “quasiparticle
mass.” Then g/m* has the meaning of the superfluid ve-
locity. The density of the liquid o=m*p=m*dw/3Y, in
general does not coincide with the sum of the normal den-
sity o, and the superfluid density o;: o540, 0;.

Let us now consider a Bose liquid whose energy-
density functional is invariant under Galilean transforma-
tions:

& (x;6™ fre =1 mR el migy — @ (x; £,B) +viri(x:£%B)

mv? .

where m is the particle mass and v; is an arbitrary param-
eter playing the role of the velocity. Since &, 7, p;, and 7,
change under a Galilean transformation as [see (41)]

e—l mVXé(f‘C’B)el mVX=é‘(e—l mVXf‘c‘el mvx,e—l mva)

A m A
+V1pi+T T3,

e—i mvﬁﬁ(f‘c,ﬁ) =7]A(Cii mvifv:ei mvi’e—i mviﬁ)
. om -
rvpeimip T pe-imig
(126)

—imvka 1mvx

€ pe

=pi+mvi;, e ”""‘7'3e =1"3,

using the self-consistency equations (44) and the unifor-
mity condition (45) it is easy to show that

e MR (Y, Y, Ys,g)€ ™= FU(Y5, Y1, Yh,q0),
(127)
e "™ B(Yy,Y;,Y4,9:) =B(Yp, Y}

where

1 Y4,91),
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m
Y;=Yi+Y0‘V,', Y;=Y4+Y,-mv,-+Y0—,
(128)

(’)=Y0’

q9; =4q;—mv;.

The thermodynamical potential w(Y,,q;) (¢=0,1,2,3,4)
depends on the parameters Y, both explicitly and through
the functions fC and B. Therefore, replacing Y, by Y, in
the thermodynamic potential w(Y,,q;) in (42) and using
(127) and (128), for a Galilean-invariant Bose liquid we
obtain

0(Y,,q9)=w(Y,,q),

from which we find
w(Y01YnY49q1)—w(YO’Y;9Y4’O)"w(YO’ Y4)1

Yo=Y, Y;=Yo+Yym g,

2
, q
Y+ Y4+ Yg+Y, m’

and Eq. (124) takes the form

. an US @
]k:'; Vnk+a Vskr Lik= —?oaik+osvsivsk+anvnivnk’
(129)
@ o, Y4+ Yy, o, Y4+ Yag;
wk=vnk(_?0+5+;T Tk Ty,

where m*=m and o0,=0—o0,. In this case Eqs. (129) are
the equations of two-liquid Landau hydrodynamics (see
Ref. 2).

In constructing the hydrodynamics it is convenient to
use the 4-vector formalism: x'= (xk =Xy, x°=1),
Y, =(Y4,Y), and q,=(qx.90), 90=(Y4+Yg,)/Y, (the
relation between the covariant and contravariant compo-
nents is found by using the diagonal matrix tensor g,,, with
components gy=—1, 811 =82 =g33=1; the quantities ¥,
and g, are formal 4-vectors, since the system under study is
not, in general, relativistically invariant). We transform
from the variables Y, Y;, Y,, and g, to the new variables
Y, and g,. Here instead of the potential o(Y0,Y;,Y4,9)
we shall use the Gibbs potential o’ =w/Yy=0’'(Y, o)

It is easily seen that the flux densities can be wntten as

. do’ - 'Y o’ 130

J 3, av, +¢* 2. (130)
(these quantities, are respectively, the formal energy-
momentum 4-tensor and the current 4-vector of the quasi-
particles), and the hydrodynamical equations of the super-
fluid Bose liquid have the form

arv aj¥

e

(131)

The equations of motion for the superfluid momentum g;
(122) together with the condition that the vector q be a

potential (curl g=0) are combined into the equation

aq* aq .
ax, ax ’

(132)
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where the 4-momentum g, is related to the phase ¢ as
g,=0@/dx". In the case of a relativistically invariant Bose
liquid, Y, and g, are not formal but actual 4-vectors, and
Egs. (131) and (132) form a system of relativistically in-
variant hydrodynamical equations (see Refs. 47 and 54) of
the superfluid Bose liquid, with 0’ =w’(Y,Y",q,4"7, Wq")-

Let us now consider states of the superfluid Bose liquid
close to statistical equilibrium. These states will be de-
scribed by the linearized superfluid hydrodynamical equa-
tions, which can be used to find the normal modes of the
system.

To linearize Eqs. (131) and (132) near equilibrium we
write the parameters Y, and g, as

Y, (x,0)=Y,+8Y,(x1), q,(xt)=g,+8g,(x1),

where ¥ . and g, are the equilibrium values of the quanti-
ties Y# and Gus ©n=0,1,2,3, and 6}’# and 6q# are their de-
viations from the equilibrium values.

Going to the Fourier components

1 .
Y, (k) =53 fd“xe“k"éYu(x),

1 .
6q”(k)=m ffxe—‘“Sq#(x),

from (131) and (132) we have

v v

o
k (aY 8Y4(K)+7— an(k))

aj"¥ aj"
k ( 6Y,(k)+ 5 6ql<k>)= (133)

k.5g,(k)
where, according to (130),

M PYe

—k,8q,(k) =0,

3y, —av,av, 7 3y,
. a'* 3j”
_ ohV l_ _J

Substituting these expressions into (133) and using the
relation 8g; (k) =ik;6¢(k), we obtain

8Y,(k) D* +idp(k) (kY)a*=0,

(134)
a*8Y, (k) +ibdp(k) =0.
Here
PAPA G2 1L P
= BY#BYV -'( ) + + ’
B ' . A’
_aYuaYv’ _8YV’
g Fo’ b '
T =55v.8q, 7T "k“aqvaqu'
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After expressing 6Y; from the first equation in terms
of 8¢ and substituting the result into the second equation
in (134), we find the dispersion equation for the oscilla-
tions of a superfluid Bose liquid:

b—a*Dj,/a"(kY)=0. (135)
For Y,=¢;=0 the dispersion equation (135) can, using
(116), (123), and (124), be written as

50,

- *)—2_
Yoo, A(m*) 0,

(136)

o*—o*k*(B+(0—0,—0,)C) —k*

where

L0 (Y oo (T,
960 964 ( Yo) 8L, 980 (Yo)’
P o, 9 (Y,,)}

1 (9P Y, 0P s
“m* (agf Yo 3§0)+Y00n 3, Tm* 36, \ Yo

oo 1 [0 (Y Y9 (Y
~(m*)? [3§4 (Yo)_Yo %o (YO)

]
m* ———— |||,
Y40, 95 \ Yo
(s is the entropy density and P= —w’ is the pressure).

In the case of a Galilean-invariant Bose liquid
(0=0,+0,, m*=m), A and B take the form

p S (9P (%P o,Ts’
=-m (—JCV (80)7,’ —(%)S_‘I-O',,(—) CV’

where C) is the specific heat per unit mass at constant
volume and Yy '=T is the temperature. In this case the
solutions of the dispersion equation are the well known
expressions® for the speeds of first and second sound:

, 1[([oP Ts%o, 11 /0P Ts’o,
“12=3 (%) T, 70, | |3 (%) +CV020,,]
s/a s/o
9P\ Ts%o, |V?
—(5) Cyoo,
T

(the subscript 1 corresponds to +, and 2 corresponds to

-).

CONCLUSION

We have constructed a semiphenomenological theory
of the superfluid Bose liquid by specifing the energy of the
Bose system as a functional of the normal and anomalous
distribution functions and also the condensate amplitudes.

Using the thermodynamical variational principle re-
lated to the fact that the entropy of a system in statistical
equilibrium must take the maximum value for fixed addi-
tive integrals of the motion, we have obtained self-
consistency equations with a clear physical interpretation
for determining the equilibrium normal and anomalous
distribution functions and condensate amplitudes.

We have derived the kinetic equations for the normal
and anomalous distribution functions and the condensate
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amplitudes and used them to study spatially uniform os-
cillations of a Bose liquid at sufficiently high frequencies
(o7>1).

We have shown that when the functional obtained in
the first Born approximation in the microscopic theory is
used as the energy functional, the results are in complete
correspondence with the Bogolyubov theory>" for a
weakly nonideal Bose gas.

We have used the variational principle stated above
without specifying the energy functional to find the fluxes
of the additive integrals of the motion in statistical equi-
librium. We have used the locality principle for an equilib-
rium state and the kinetic equations that we obtained to
find the equations of two-fluid ideal hydrodynamics of the
superfluid Bose liquid. These equations generalize the
equations of two-fluid Landau hydrodynamics to the case
in which the energy functional is not invariant under Gal-
ilean transformations. If the energy functional is Galilean-
invariant, these equations become the equations of two-
fluid Landau hydrodynamics.
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